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ON THE FIXED POINT INDICES
AND NIELSEN NUMBERS OF FIBER MAPS ON JIANG SPACES
BY

JINGYAL PAK

ABSTRACT. Let T = {E, P, B} be a locally trivial fiber space, where
E, B and P_l(b) for each b € B are compact, connected ANR's (absolute neigh-
borhood retracts). If f: E — E is a fiber (preserving) map then f induces f:
B— B and fp: P~ () — P~1(b) for each b € B such that Pf = f'P.

If E, B and P'l(b) for each b € B satisfy the Jiang condition then N(f) *
P(T, £) = N(f') * N(fp), and i(f) = i(f") * i(fy) * P(T, f) for each b € B.

If, in addition, the inclusion map i: P~ (b) — E induces a monomor-
phism iyt nl(P—l(b)) — my(E)and f " induces a fixed point free homomor-
phism fy : m,(B) — m,(B), then N(f) = N(f") * N(fp) and i(f) = i(f") * i(fp)
for each b € B.

As an application, we prove: Let T = {E, P, CP(n)} be a principal torus
bundle over an n-dimensional complex projective space CP(n). If f: E— E is a
fiber map such that for some b € CP(n), fp: P_l(b) — P—l(b) is homotopic to
a fixed point free map, then there exists a map g: E — E homotopic to f and
fixed point free.

1. Introduction. In the study of fixed point theorems of a continuous map
f: X — X, where X is a compact, connected ANR (absolute neighborhood re-
tract), there are a number of interesting numbers that are associated with f. In
particular we are interested in the Lefschetz number L(f), the Nielsen number
N(f), and the fixed point index i(F) for the fixed point class F of . In many
cases the Nielsen number is more useful than the Lefschetz number. For example,
if X is a manifold M",n > 3, and f: X — X is such that N(f) = 0, then there
is a map g: X — X homotopic to f and fixed point free, while L(f) = 0 does
not give any information. The trouble with the Nielsen number is that it is rather
hard to compute. In 1964, Jiang [11] made Nielsen numbers substantially easier
to compute in certain cases. Then R. Brown [3], [4], [S] extensively studied
the product theorem of Nielsen numbers for fiber (preserving) maps f: E — E,
where E is the total space of a fiber space T = {E, P, B} in order to find a way
to compute Nielsen numbers.
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The purpose of this paper is to introduce some new product theorems for
Nielsen numbers and the fixed point indices for fiber maps.

In §2 we give definitions and known results for the convenience of readers.

In §3 we give algebraic preliminaries which deal with the Reidemeister num-
ber of a homomorphism A from a group G into itself.

§4 contains our major results, Theorems 4 and 7:

THEOREM 4. Let T = {E, P, B} be a fiber space and f: E — E be a fiber
map. If E, B and P~1(b) for each b € B satisfy the Jiang condition, then N(f) *
P(T, )= N(f') « N(f,) and i(f) = i(f") * i(f,) + P(T,f) for each b € B.
(See §4 for the definition of P(T, f).)

Thus P(T, f) plays the role of an obstruction to the product theorem.
That is, it is only if P(T, f) = 1 that we have N(f) = N(f") * N(f,) and i(f)
=i(f") « i(f,) for each b € B.

THEOREM 7. If E, B and P~ '(b) satisfy the Jiang condition, i: P~1(b) —
E induces the monomorphism iy: n,(P~*(b)) — n,(E), and if fy: m,(B) —
n,(B) is a fixed point free, then P(T, f) = 1 and we have N(f) = N(f'N(f,)
and i(f) = i(f") « i(f,) for each b € B.

This theorem and its corollary generalize Brown and Fadell’s theorem [3],
[5] if the spaces involved satisfy the Jiang condition.

In the last section we study more concrete situations. We study fixed point
properties of fiber maps for T = {E, P, CP(n)}, where P~1(b) = T* for each
b € CP(n). Some applications are given toward the end. In particular, the follow-
ing corollary is proved.

Let T = {E, P, CP(n)} be a principal torus bundle over the n-dimensional
complex projective space CP(n). If f: E — E is a fiber map such that for some
b € CP(n), f,: P~1(®) — P~ 1(b) is homotopic to a fixed point free map, then
there exists a map g: £ —> E which is homotopic to f and fixed point free.

This paper is self-contained, but for more information on notations and
terminology, readers are referred to [2], [3] and [7].

Throughout this paper we assume all spaces are compact, connected ANR’s
and each fiber space T = {E, P, B} is orientable and locally trivial. Also we
assume f: E — E such that L(f) # 0, unless otherwise stated, even though num-
bers of theorems and corollaries are true without this condition.

Finally, I am grateful to Professor R. F. Brown for his comments and en-
couragement. Also, we would like to thank the referee for his nice suggestions.

2. Definitions and known results. Let f: X — X be a continuous map.
Denote the set of all x € X such that f(x) = x by ®(f). Two points x, y € ®(f)
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are said to be equivalent if there is a path C: I — X such that C(0) =x, C(1) =
¥, and C is homotopic to f(C) such that x and y are fixed throughout the homo-
topy. This relation is an equivalence relation which divides ®( f) into equivalence
classes Fy, ..., F,. Foreachj=1,...,n, there is an open set U, in X such
that F; C U; and cl(U;) N ®(f) = F;, where “cl” denotes closure. Define the
fixed point index i(F) of the fixed point class F; by i (Fj) =i, f, U)).

A fixed point class F is said to be essential if i(F) # 0 and inessential if
i(F) = 0. The Nielsen number N( f) of the map f is defined to be the number of
fixed point classes of f that are essential.

Let Map(X, X) be the space of all continuous maps from X into X with
the compact open topology. For a fixed base point x, € X, the evaluation map
E defined by Ef = f(x,) for every f: X — X maps (Map(X, X), id) — (X, x,)
and induces the homomorphism E,: m, (Map(X, X), id) — m,(X, x,). Denote
the image of E, by T(X) C m,(X, x,). If E is onto then we say that the space
X satisfies the Jiang condition and call X a Jiang space.

If X satisfies the Jiang condition then the fundamental group =, (X) is
abelian, and for any continuous map f: X — X the fixed point indices i(F,.) are
the same for every fixed point class F; of f. If we denote this number by i(f)
then it is known that L(f) = i(f)N(f) [11]. It is well known that any H-space,
lens space, or quotient space of a topological group with respect to a connected
compact Lie group satisfies the Jiang condition.

In an effort to devise a method of computing the Nielsen number, R. Brown
[3] studied the fiber maps. Let us recall some definitions from [3] and [14].
Let T = {E, P, B} be a locally trivial fibér space, and Qp = {(e, W) EE x
B!| P(e) = w(0)}. Define P': E! — 2, by P'(&) = («(0), P(¢)). A map\: Q,
— E'is called a lifting if the composition P'A: 2, — £, is the identity map.

A lifting function X is said to be regular if w € B a constant path implies
that A(e, w) is a constant path. It is known that a fiber space T = {E, P, B} po-
sesses-a regular lifting function if B is metric.

Let f: E — E be a fiber (-preserving) map and X be the lifting for T. For
b € B a pathwise connected space, define maps f,: P~1(b) — P~1(b) as follows.
Let w € BY such that w(0) = f'(b) and w(1) = b, then for e € P~1(p), @) =
A(f(e), w) (1). Thus any fiber map f: E — E induces f': B—> B and f,:
P~1(b) — P~1(b) for each b € B such that Pf = f'P, that is the following dia-
gram commutes:

E——->f E

o s

B—B
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Let T = {E, P, B} be a fiber space with lifting function A and choose b €
B. Aloop w € BY, such that w(0) = w(1) = b, induces a map w: P~1(p) —
P~1(b) by w(e) = Me, w)(1). The fiber space T is said to be orientable if the
induced homomorphism @y: He(P~1(b), Z) — H(P~1(b), Z) is the identity
homomorphism for every loop w based at b. If T is orientable then it is known
that L(f) = L(f") * L(f,) for each b € B [4], [8], [12]. However, the similar
result for the Nielsen number does not hold in general. Nevertheless, R. Brown
and E. Fadell [3], [5] were able to show the following theorem:

Let T = {E, P, B} be a locally trivial fiber space with fiber F, where E, B
and F are connected finite polyhedra, and let f: E — E be a fiber map. If one
of the following conditions is satisfied:

@ m,(B)=1,8)=0,

(b) m@F)=0,

(c) T is trivial and either m,(B) =0 or f = f' x f,,,
then N(f) = N(f") - N(f,,) for all b € B.

3. Algebraic preliminaries. Let G be a group and A: G — G a homomor-
phism. Two elements & and § of G are h-equivalent if there exists ¥ € G such that
a = yBh(y~!). The Reidemeister number R(#) of & is defined to be the cardi-
nality of the set of equivalence classes of G under h-equivalence.

It is known that if G is an abelian group and A: G — G is a homomorphism,
then the h-equivalence classes form a group equal to coker(1 — k). Therefore,
R(h) = Ord(coker(1 — h)). For more details on Reidemeister numbers, readers are
referred to [2].

DEFINITION. Given a commutative square

A—h~>B

R

4-t.p

of abelian groups and homomorphisms, define P(S) to be the order of the quo-
tient group A~ (Y(B))/(A).

REMARK. At this point we would like to thank Professor R. F. Brown for
suggesting this definition and the notation P(S).

LEMMA 1. P(S) = Ord(h~'(¥(B))/¥(A)) is equal to Ord(ker h¥), where
h*: A/p(4) — B/Y(B) is the map on the cokernels induced by h: A — B.

LEMMA 2. Let us assume that we have the following commutative diagram
of abelian groups,
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Ah>Bk>C — 0

o| v ol
Aa-tsptic—o0
where the rows are exact. Let S be the square

h

A—B

l—gol l—t]ll

h

A—B

induced by the above commutative diagram. Then

R(Y)P(S) = R(¥) * R(w).

ProoOF. It is not so hard to see that the diagram in the hypothesis induces
the following commutative diagram

At tc—o

1—¢11—¢11-wl
a-tsptc—so

This diagram induces the following short exact sequence

T # #
0 — coker(1 — p)/ker(h¥) B coker(1 — ¢) L8 coker(l — w) —0,
where i ¥ and k* are obvious homomorphisms induced by % and k on cokernels.
Thus the above short exact sequence gives R(¥) = R(p) * R(w)/Ord(ker h¥)
or R(W) * P(S) = R(y) * R(w) by Lemma 1.
REMARK. Note that ker ¥ for
A N B
o] ¥

h

A—B

and ker h¥ for A
A—B

1- gpl 1- npl
h
A—B
are not isomorphic in general.

LEMMA 3. In Lemma 2 if h is a monomorphism and w is a fixed point free
homomorphism (i.e., 0 € C is the only element w fixes), then P(S) = 1 and

R(Y) = R(9) * R(w).
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ProoF. Since & is a monomorphism we have the following commutative
diagram:

0 AhﬁBktc 0

e

0—a-tsptic—so

This commutative diagram induces the following exact sequence of the cokernels
of vertical maps:
h#

0 — ker(h*#) — coker(1 — ¢) — coker(l — ¢)
M k*
—> coker(l1 — w) — 0.
On the other hand we define a homomorphism A: ker(1 — w) — coker(l — ¢)
in the following way.

Let B € ker(1 — w). Then since k is onto we have some e € B such that
k(e) = B. Then since k(1 — Y)(e) = (1 — w)k(e) = (1 — w)(B) = 0, there exists
v € 4 such that h(y) = (1 — ¥)(e). Define A(B) = [y] € coker(l — y). It is
easy to see that this is a well-defined homomorphism, and we have the following
exact sequence [10]:
A n*

ker(1 — w) — coker(1 — ) — coker(1 — ¢)

an #

-k—-> coker(l — w) — 0.

From I and II we can see that ker(h*) will vanish if ker(1 — w) = 0. ker(l — w)
= 0 if and only if (1 — w) is a monomorphism, that is, (1 — w)(B) = 0 if and
only if 8 = 0. This in turn says that w(B) = f if and only if § = 0. In other
words, 0 € C is the only element v fixes.

Thus we proved that if 4 is a monomorphism and w: C — C is fixed point
free, then ker(#*) = 0 and P(S) = 1. Note that I and II become the same short
exact sequence. Now since R(Y) = Ord(coker(1 — ¥)), we have R(Y) = R(yp) *
R(w).

4. The main results and some examples. We assume throughout this sec-
tion that we have L(f) # 0. There is, therefore, at least one essential fixed point
class of f. We choose, once and for all, a fixed point x,, of f which is in an essen-
tial fixed point class. Denote (X, x,) by 7, (X).

Define the Reidemeister number R(f) of f to be the Reidemeister number
of the induced homomorphism f,: 7, (X) — m,(X). Jiang’s main result [11]
asserts that if X is a Jiang space then N(f) = R(f).

Let T = {E, P, B} be a locally trivial fiber space and assume E, B, and
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P~1(b) for each b € B, are path-connected and have abelian fundamental groups.
Thus we identify fundamental groups with their first integral homology groups,
which are base point free. Since T is locally trivial, we have a regular path lifting
A. Let f: E— E be a fiber map; then the map f,: P~1(5) — P~1(b) is de-
fined by £, (e) = N(f(€), w) (1) for e € P~1(b) where w is a path from f'(b) to b.
Let h,(e) = MN(f(e), w) (t) for t € [0, 1] and e € P~1(b). Then {h,} de-
fines a homotopy from the composition P~ 1(b) C E — E to the composition

’l(b) 2 P~1(®) C E, where i is the inclusion map. Then

H,(P~'(0)) = H,(E)
[
H,(P~'()) — H,(E)

commutes. Also we have the commutative diagram

1 iy
1,P~1®), eg) — ,(E, e;)
a-fq

1 "'fb# 771(5, el)

C(—l

i
1, (P=1(0), eg) —— 1, (E, €)

where we take e, to be a fixed point of [ and f, without loss of generality, and
a: m,(E, eg) — m,(E, e,) to be a canonical isomorphism. Thus a™!(a - fe)=
(1-a” 'f, #)-

If T is an orientable fiber space then we can take a to be an identity iso-
morphism. Thus we have the following commutative diagram:

-1 i#
T, PT(0) — m(E)
S=l—fb#l 1.—f#l
nP-1e) 2 1,E)
Readers are urged to compare this argument with that of [13, Lemma 1].
Define P(T, f) to be P(S). It is not so hard to see that P(T, f) is inde-
pendent of the choice of b € B.
In the theorem of Brown and Fadell, if E, B and F satisfy the Jiang condi-
tion then we have L(f) = i(f)N(f), L(f")N(f") and L(f,) = i(f,) * N(f,)
for each b € B. By replacing these numbers in L(f) = L(f") * L( fp) we get
i(f)NCf) = i(fINCS )i £,)N(f,). Dividing this by N(f) = N(f') * N(f,) we
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geti(f)=i(f")-i( fp)- Unfortunately, this equality does not hold in general.
But this observation strongly suggests

THEOREM 4. Let T = {E, P, B} be a fiber space and f: E — E be a
fiber map. If E, B and P~(b) for each b € B satisfy the Jiang condition, then
N(f) * P(T, ) = N(f') « N(fp) and i(f) = i(f") * i(f,) P(T, f) for each b € B.
PrROOF. Any fiber map f: E —> E induces the following commutative diagram
whose rows are exact fiber homotopy sequences:

i P
oo — 1, (B) — 1, (P (B) —> 1, (E) —2> 1, (B) — 0

l 1—f,,#1 l—f#l l—f,;l
1 i# P#

cor > 1, B) — 1,7 ) o 1, (B) — 1, B) — 0
Thus from Lemma 2 we have R(f) * P(T, f) = R(f") * R(f,) for each b € B.
Since E, B and P~ () are Jiang spaces and L( ) # 0, we have N(f) = R(f),
N(f") = R(f") and N(f,) = R(f,). Thus we have N(f) « P(T, f) = N(f') *
N(f,) for each b € B.

For the fixed point indices we have

(N = L) = L(f') * L(fp) =i(f) * i(fp) * N(f') * N(f)

=i(f") + i(f,) * P(T, ) = N(S).
Thus i( f) = i(f") « i(f,) P(T, f) for each b € B.

ExaMPLE 1. Let us examine the example given in [5] in our context.
Let S! > §3 £ §2 be the Hopf fibration. If f: §3 —> §3 is a fiber map
then f induces the following commutative diagram:

iy
00— m,(S2) —> m,(P~1(p) — 0
1(1 A 1(1 —fys)

0 — m,(5%) — m,(P~ (b)) —£.0.

Let deg f' = d and suppose d # — 1 so that f' has a fixed point b € S2. Then
[ also has degree d, and N(f) = N(f') = 1 as long asd # # 1 since 5% and 53 .
are simply connected. '

Thus

ker i# = — Tl(P”l(b)) = Z
0 -fom@ ') A-fo)Z

Thus P(T, f) = |1 —d| This shows that for |d| > 3, ker i¥ # 0, thus N(f) #
N(f')" N(fy)-



FIXED POINT INDICES AND NIELSEN NUMBERS OF FIBER MAPS 411

COROLLARY 5. Let T = {E, P, B} be a fiber space, and let f: E — E be
a fiber map. If E, B and P~ (b) for some b € B satisfy the Jiang condition and
the fundamental group nl(P“(b)) is trivial, then i(f) = i(f") * i( fp) and N(f)
=N(f).

As an application of Theorem 4 we consider the case where £ = G is a com-
pact connected Lie group, H C G a closed connected subgroup, and B = G/H the
homogeneous space. Call a map f: G — G fiber preserving if f(xH) C f(x)H
for all x € G. Such a map induces a map f': B —> B. If f has a fixed point,
then f(xoH) C x, H for some x; let f;, be the restriction of f to x,H. Let T =

{G, P, G/H}.

COROLLARY 6. Let G be a compact, connected Lie group, H a closed con-
nected subgroup and f: G -— G a fiber map such that L(f) # 0. Then

NPT, f) =N(f") * N(fy) and i(f) = i(f") - i(fy) * P(T. f).

DEFINITION. Let T = {E, P, B} be a locally trivial fiber space. If the in-
clusion map i: P~!(b) — E induces a monomorphism i,: m,(P~* (%)) — m,(E)
for each b € B, then T is said to be an injective fibering.

If the spaces involved satisfy the Jiang condition we have the following
theorem which has a nonempty intersection with the theorem of Brown and
Fadell mentioned in the introduction.

THEOREM 7. Let T = {E, P, B}be an injective fiberingand f: E— E a
fiber map. If the spaces E, B and P~'(b) for some b € B satisfy the Jiang con-
dition, and if f: w,(B) — m,(B) is fixed point free, then N(f) = N(f') *
N(f,) and i(f) = i(f') * i(f,) for each b € B.

Proor. Since T is an injective fibering, f: E — E induces the following
commutative diagram:
Iy Py
0—>m @) T (E)— m,(B)—0
(I - fp) (I -1y l(l —fe)

iy P,
> (E)

0—m, (P71 (b)) >m,(B) —> 0

From Lemma 3 we have P(T, f) = 1 so Theorem 1 gives the desired result.

CoROLLARY 8. Let T = {E, P, B} be an injective fiberingand f: E — E
a fiber map. If the spaces E, B and P~(b) for some b € B satisfy the Jiang
condition and w,(B) = 0, then N(f) = N(f,,) and i(f) =i(f") - i(fp) for each
b € B,

ReMARK. In Example 1, 7, (S?) = Obuti: S! — 53 does not induce
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a monomorphism i,: m, (S') — ,(S?).

ExAMPLE 2. Let {E, P, L,, . ,(m)} be a principal circle bundle over a
(2n + 1)-dimensional lens space. It isknown that E, L,,, ,(m) and P~1(p) =
S! satisfy the Jiang condition. Let f: E — E be a fiber map. Then the homo-
topy exact sequence for the fiber space gives the following commutative diagram:

i P
0 — 1,(S') == 7,(E) == 1, (Ly, 4, (M) —> O
l(l —fou) l(l — 1) 1(1 -1
) Iy Py

0 7, (S TE)— 1Ly 4 (M) —0
Thus from Theorem 7 if 0 € m,(L,,, ;. ,(m)) = Z,,, is the only element 4 fixes,
then N(f) = N(f") * N(f,) and i(f) = i(f") = i(f).

This will happen if f,, maps a generator x to x” where (r, m) = 1 and

(r — 1, m) = 1. We would like to point out that if m is odd then it always has a
fixed point free automorphism.

5. Applications. In this section we investigate fixed point properties of
fiber maps on some particular manifolds. At this point we would like to remind
readers that if the base space is simply connected then the fiber space is orientable.

THEOREM 9. Let T = {E, P, CP(n)} be a principal circle bundle over n-di-
mensional complex projective space CP(n), and let f: E — E be a fiber map. Then
i(f") divides i( f) and N(f) divides N(f,).

Proor. T is classified by [CP(n), CP()] = H 2(CP(n); Z)=Z. We are
interested in topological classification of T.The two extreme cases are £ =gt
and E = CP(n) x S'. Itis known that N(f,) = |L(f,)| for each b €
CP(n) [2]. Thus we have i(f,) £ 1. If £ =82"*1 then, since £ and CP(n) are
simply connected, we have N(f) = 0 = N(f") or N(f) =1 = N(f"). Thus
i(INCS) = i(fINCS') + i(f,)N(f,) becomes i(f) = +i(f"W(f,) for each
b € CP(n), and i(f") divides i(f). If E = CP(n) x S! then E satisfies the Jiang
condition and the result follows from the product theorem [3], [S].

For other cases, we have, for eachi € Z, E= L, ,(lil;1,...,1),

(2n + 1)-dimensional lens space. Denote it by L(|i|) for short. This fact can be
proved easily from the same argument given in [14] for the case n = I, that is
CP(1) = S2. 1t is known that any lens space satisfies the Jiang condition [2],
[11]. Thus we have i( f)N(f) = £ i(f")N(f,) for each b € CP(n) since CP(n)
is simply connected. What we want to show now is that N(f) divides N(f,,) for
each b € CP(n).

f: E — E induces the following commutative diagram:
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li|
0 — 1, (CP(n)—2>m, (81)— 1, L(1i1))—>0

[a=s, |a-s |a-s
0 — 1, (CP(m) — m,(8") — m, (L 1)) — 0,

where |i|, is multiplication by |i|. Here we have m,(CP(n)) >~ Z, m,(S Y~z
and m (L(lil)) = Z|;,. Since all spaces involved are Jiang spaces we have that
N(f) = Ord(Coker(1 — f,)) and N(f,) = Ord(Coker(1 — f, ,)) for each b €
CP(n) [2], [11].

If deg f' = d, then deg f, = d and N(f,) = |1 — d|. Now we have deg f
=d mod|i|. Let it be equal to k. Thus we have N(f) = (1 -k, lil) [2].
Hence i(f)* (1 =k, lil)=+i(f)I1 —d|. Since 1 —k=1—d mod]|i|, we
conclude that (1 — k, |i]) divides 1 — d, that is, N(f) divides N(f,). This also
proves that i(f') must divide i( f).

COROLLARY 10. Let (S, M™) be a free action of a circle group on a simple
connected closed n-dimensional manifold M™. Let M* = M"[S! be the orbit
space and f: M" — M" be an orbit preserving map. Then i(f) = £ i(f")N(f,)
foreachbeEM™.

THEOREM 11. Let T = {E, P, CP(n)} be a principal torus T*-bundle over
the n-dimensional complex projective space CP(n). If f: E — E is a fiber map,
then i(f)N(f| =2 i(f")N(f,) for each b € B.

A proof of this theorem can be deduced from that of the next corollary
with the fact N(f,) = |L(f,)! given in [1]. Note that N(f) = 0 if N(f") = 0;
also we would like to remind readers that if n is even then N(f') = 1 always in
Theorems 9 and 11.

COROLLARY 12. Let T = {E, P, CP(n)} be a principal torus T*-bundle
over CP(n). If f: E— E is a fiber map such that for some b € CP(n), f,:
P~1(b) — P~1(b) is homotopic to a fixed point free map, then there exists a
map g: E — E which is homotopic to f and fixed point free.

PRrOOF. Let f, be a fixed point free-map on P~1(b) which is homotopic to
some f,. Clearly L( f,;) = 0 and since the Lefschetz number is invariant under
homotopy, L(f,) = 0. Now since this bundle is an orientable bundle we have
L(f)=L(f") * L(f,) and L(f) = 0.

If T is a trivial bundle then E = CP(n) x T* and T(E) = m, (E") follows
trivially, L( f) = 0 implies N(f) = 0, and there exists a fixed point free map g:
E — E homotopic to f (see [15]).
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For other extreme cases we have E = S2"*1 x T*-1 [12]. Thus T(E) =
7,(E) and the result follows as in the trivial case.

Now we consider other general cases. We can consider E to be a total space
of a T¥~! bundle over the total space of the circle bundle over CP(n). The
total spaces of the circle bundles over CP(n) are classified as in the proof of
Theorem 9. Let L(|i]) be one of them. It is known [12] that any total space
of a T*~.principal bundle over L(li]) is given by L(d) x T*~! for some divisor
d of |i]. Now

T(E)=TLE) x T*~1)=~TL@) ® T(T* 1)

>, (Ld) ® m (TF" Yy~ m (L@d) x T*1).

The second and third isomorphisms follow from [9] and [11] respectively. Thus
E satisfies the Jiang condition and we have N( f) = 0 since [(f) = 0. Now
since E satisfies Wecken’s condition [15], there is a fixed point free map: g: E—>
E homotopic to f.

Note. If we proved Theorem 11 first then Corollary 12 follows immediately

from i( /)N(f) = £ i(f')N(f,).

THEOREM 13. Let T = {E, P, B} be a fiber space over an aspherical mani-
fold B with fiber T*. Furthermore, assume that m,(E') and m,(B) are abelian
groups and f: E — E is a fiber map. Then i(f) =i(f").

ProOF. Since T is a fiber space, where m, (E') is abelian, over an aspherical
manifold B we can associate an effective fixed point free T action on E such
that E/T* =~ B. It is not so hard to see that E is also aspherical [6]. Now de-
fine h: T*¥ — E by h(f) = tx, where x €E. This map induces hy: nl(T") — m,(E)
and which is known to be a monomorphism. That is, 7, (E) is at least as large as
1rl(T"). Now if m, (E') is abelian then the Chern class C, € H>B,Z®+-®2)
vanishes and we obtain N(f) = N(f") * N(f,,) for each b € B from [3]. Now
since 7, (E) and m,(B) are abelian and E, B aspherical we have T'(E') = m,(E)
and T(B) = m,;(B) [2]. Thusi(f)N(f) = £i(fIN(f') * N(f,) for each b € B
follows from [1], [4], [8] and [12]. Now if we divide this by N(f) =
NCF)NCS,) we get i(f) = £i(S").

REMARK. Of course, this result follows more or less trivially from the re-
sults of [3] and [6], but for the sake of having some insight into the theorem
we gave a proof in full detail. Also note that this theorem follows directly from
Theorem 7 and aspherically of the spaces involved.
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